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Abstract
The nonlinear random vibration of the simply-supported rectangular isotropic von Ka´rma´n plate with in-plane stretched edges and
excited by uniformly distributed Gaussian white noise is analyzed. The equation of motion of the plate with large deﬂection is
a nonlinear partial diﬀerential equation in space and time. The multi-degree-of-freedom nonlinear stochastic dynamical system
can be formulated by applying the Galerkin’s method to the nonlinear partial diﬀerential equation. The probabilistic solution
of the multi-degree-of-freedom nonlinear stochastic dynamical system is governed by the Fokker-Planck-Kolmogorov equation.
The state-space-split method is used to make the Fokker-Planck-Kolmogorov equation in high dimensional space reduced to the
Fokker-Planck-Kolmogorov equations in 2-dimensional space. Then the exponential polynomial closure method is used to solve
the reduced Fokker-Planck-Kolmogorov equations in 2-dimensional space for the probability density function of the responses of
the plate with moderately large deﬂection.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of organizing committee of Institute of Engineering and Computational Mechanics University of
Stuttgart.
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1. Introduction
Many problems in science and engineering can be modeled as the nonlinear stochastic dynamical (NSD) systems
with multiple degrees of freedom (MDOF)1,2,3. It is known that the analysis on the probabilistic solutions of MDOF-
NSD systems or solving the relevant Fokker-Planck-Kolmogorov equations in high dimensional space has been a
challenge for almost a century4,5,6, especially for the systems with strong nonlinearity and large number of nonlinear
terms, such as the systems governing the random vibrations of von Ka´rma´n plate. There were two methods for
analyzing the MDOF-NSD systems. One is the Monte Carlo simulation (MCS) method which was developed by
Metropolis and Ulam in their researches on the problems in physics for the numerical solution of stochastic diﬀerential
equations and was initially published in 19497,8,9. The other is the equivalent linearization (EQL) method which
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was initially proposed by Booton in 1954 in his research about nonlinear circuit control10,11,12,13. There are some
challenges inherent with the MCS method in analyzing some nonlinear stochastic dynamical MDOF systems, such
as the problems of round-oﬀ error, numerical stability, or the requirement for large sample size when the system
nonlinearity is strong. It is well known that the EQL method is suitable for analyzing the ﬁrst and second response
moment of weakly nonlinear systems. Recently, a newmethod named state-space-split (SSS) method was proposed for
the probabilistic solutions of large MDOF-NSD systems or solving the Fokker-Planck-Kolmogorov (FPK) equations
in high dimensional space14,15,16,17. The SSS method can make the problem of solving the FPK equation in high
dimensional space become the problem of solving some FPK equations in low dimensional space or make the large
NSD system decoupled into some small NSD systems. Therefore, the FPK equations in low dimensional space can be
solved with the exponential polynomial closure (EPC) method18. In this paper, the SSS-EPC method is further used
to analyze the probabilistic solutions of the rectangular von Ka´rma´n plate with moderate large deﬂection and excited
by uniformly distributed force being Gaussian white noise when the boundary is simply supported and stretched by
the in-plane force of the plate. The equation of motion of the plate is a nonlinear partial diﬀerential equation in time
and space. With Galerkin’s method, the nonlinear partial diﬀerential equation is reduced to a MDOF-NSD system.
The random vibration problems of many other plates with moderately large deﬂection can also be modeled with the
similar MDOF-NSD systems. The results obtained with the SSS-EPC method are compared with those obtained
with the EQL method and the MCS method to show the eﬀectiveness of the SSS-EPC method for this plate and to
show the advantage of the SSS-EPC method over the EQL method and the MCS method in analyzing the formulated
MDOF-NSD system. The results are also analyzed when the plate is modeled with diﬀerent number of degrees of
freedom.
2. Formulation of MODF systems for the isotropic rectangular von Ka´rma´n plate
Without damping, the governing equations of the vibration of isotropic von Ka´rma´n plate are given by19,20
ρhw¨(x, y, t) + DΔ4w(x, y, t) = q0W(t) + qs + h(w,xxF,yy + w,yyF,xx − 2w,xyF,xy) (1)
Δ4F = E[w2,xy − w,xxw,yy] (2)
where w(x, y, t) is the deﬂection of the plate; E is Young’s modulus; h is the thickness of the plate; D = Eh
3
12(1−ν2) ; ρ is
the mass density in kg/m3 of the plate; q0W(t) is the distributed dynamic load laterally applied on the plate with q0
being constant and W(t) being Gaussian white noise; qs is the static distributed load applied on the plate; F(x, y) is the
Airy stress function. The von Ka´rma´n plate theory is based on the assumption that the deﬂection of the thin plate is
of the order of plate thickness, so the plate is also said to be of moderately large deﬂection or wmax ∼ O(h).
In the case that the four edges of a rectangular plate with length a and width b are all simply supported and stretched
in plane, the boundary conditions for these edges can be written as follows when the origin of the coordinate system
is given as shown in Fig. 1.
Fig. 1. Coordinate system of the rectangular plate.
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w(0, y, t) = w(a, y, t) = w(x, 0, t) = w(x, b, t) = 0
w,xx(0, y, t) = w,xx(a, y, t) = w,yy(x, 0, t) = w,yy(x, b, t) = 0
(3)
F,yy(0, y, t)  0, F,yy(a, y, t)  0, F,xx(x, 0, t)  0, F,xx(x, b, t)  0
F,xy(0, y, t) = F,xy(a, y, t) = F,xy(x, 0, t) = F,xy(x, b, t) = 0
(4)
For the given boundary conditions, w(x, y, t) and F(x, y) are expressed, respectively, by
w(x, y, t) =
2nx−1∑
i=1,3,...
2ny−1∑
j=1,3,...
wi j(t) sin
iπx
a
sin
jπy
b
(5)
F(x, y, t) =
mx∑
i=1
my∑
j=1
Fi j(t) cos
(i − 1)πx
a
cos
( j − 1)πy
b
(6)
where mx ≥ 3 and my ≥ 3. With Galerkin’s method and the above expressions of w(x, y, t) and F(x, y), the following
MDOF-NSD systems can be formulated when the damping ratio is the same for each mode.
w¨mn + 2ξωmnw˙mn + ω2mnwmn =
4
ρhab
[qmnW(t) + qmns] +
4π4
ρa3b3
2nx−1∑
p=1,3,...
2ny−1∑
q=1,3,...
mx∑
r=1
my∑
s=1
wpqFrs
{[
p2(s − 1)2 + q2(r − 1)2
]
Mmpr1 N
nqs
1 − 2pq(r − 1)(s − 1)Mmpr2 Nnqs2
}
m = 1, 3, · · · , 2nx − 1; n = 1, 3, · · · , 2ny − 1 (7)
where ωmn = π2
√
D
ρh
(
m2
a2 +
n2
b2
)
, ξ denotes the damping ratio, and
[
(m − 1)2b
a
+
(n − 1)2a
b
]2
Fmn =
2E
ab
2nx−1∑
p=1,3,...
2ny−1∑
q=1,3,...
2nx−1∑
r=1,3...
2ny−1∑
s=1,3...
wpqwrs
(
pqrsMmpr3 N
nqs
3
−p2s2Mmpr4 Nnqs4
)
m = 1 or n = 1, but not m = n = 1 (8)
[
(m − 1)2b
a
+
(n − 1)2a
b
]2
Fmn =
4E
ab
2nx−1∑
p=1,3,...
2ny−1∑
q=1,3,...
2nx−1∑
r=1,3...
2ny−1∑
s=1,3...
wpqwrs
(
pqrsMmpr3 N
nqs
3
−p2s2Mmpr4 Nnqs4
)
m = 2, 3, · · · ,mx; n = 2, 3, · · · ,my (9)
where
qmn = q0
∫ a
0
∫ b
0
sin
mπx
a
sin
nπy
b
dxdy (10)
qmns = qs
∫ a
0
∫ b
0
sin
mπx
a
sin
nπy
b
dxdy (11)
Mmpr1 =
∫ a
0
sin
mπx
a
sin
pπx
a
cos
(r − 1)πx
a
dx (12)
Mmpr2 =
∫ a
0
sin
mπx
a
cos
pπx
a
sin
(r − 1)πx
a
dx (13)
Mmpr3 =
∫ a
0
cos
(m − 1)πx
a
cos
pπx
a
cos
rπx
a
dx (14)
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Mmpr4 =
∫ a
0
cos
(m − 1)πx
a
sin
pπx
a
sin
rπx
a
dx (15)
Nnqs1 =
∫ b
0
sin
nπy
b
sin
qπy
b
cos
(s − 1)πy
b
dy (16)
Nnqs2 =
∫ b
0
sin
nπy
b
cos
qπy
b
sin
(s − 1)πy
b
dy (17)
Nnqs3 =
∫ b
0
cos
(n − 1)πy
b
cos
qπy
b
cos
sπy
b
dy (18)
Nnqs4 =
∫ b
0
sin
(n − 1)πy
b
sin
qπy
b
sin
sπy
b
dy (19)
For
w0 =
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
wmn(t) sin
mπx0
a
sin
nπy0
b
=
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
fmnwmn(t) (20)
where fmn = sin
mπx0
a sin
nπy0
b , it gives
w¨0 + 2ξ
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
fmnωmnw˙mn +
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
fmnω2mnwmn
=
4
ρhab
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
fmnqmnW(t) − 4π
4
ρa3b3
2nx−1∑
m=1,3,...
2ny−1∑
n=1,3,...
2nx−1∑
p=1,3,...
2ny−1∑
q=1,3,...
mx∑
r=1
my∑
s=1
wpqFrs fmn
{[
p2(s − 1)2 + q2(r − 1)2
]
Mmpr1 N
nqs
1 − 2pq(r − 1)(s − 1)Mmpr2 Nnqs2
}
(21)
w¨mn + 2ξωmnw˙mn + ω2mnwmn =
4qmn
ρhab
W(t) +
4π4
ρa3b3
2nx−1∑
p=1,3,...
2ny−1∑
q=1,3,...
mx∑
r=1
my∑
s=1
wpqFrs
{[
p2(s − 1)2 + q2(r − 1)2
]
Mmpr1 N
nqs
1 − 2pq(r − 1)(s − 1)Mmpr2 Nnqs2
}
m = 1, 3, · · · , 2nx − 1; n = 1, 3, · · · , 2ny − 1;m + n > 2 (22)
Eqs. (21) and (22), under the conditions Eqs. (8), (9) and (20), formulate the NSD system with nx × ny degrees of
freedom.
3. Dimensionality reduction with state-space-split method
In the following discussion, the summation convention applies unless stated otherwise. The random state variable
or vector is denoted with capital letter and the corresponding deterministic state variable or vector is denoted with the
same letter in lowercase.
The system formulated by Eqs. (21)-(22) can be generally expressed by the following MDOF-NSD systems.
A¨i + ci jA˙ j + hio(A) = hiW(t) i, j = 1, 2, . . . , nA (23)
where Ai ∈ R, (i = 1, 2, . . . , nA), are the components of the vector process A ∈ RnA ; hi0 are the polynomial type of
nonlinear functions of A and hi0 : RnA → R; hi and ci j are constants; W(t) is the excitation which is assumed to be the
Gaussian white noise with zero mean and correlation
E[W(t)W(t + τ)] = S δ(τ) (24)
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where δ(τ) is Dirac function and S is the constants representing the power spectral density of W(t).
Setting Ai = X2i−1, A˙i = X2i, f2i−1 = X2i, f2i = −ci jX2 j − hio(X), g2i−1 = 0, g2i = hi, (i = 1, 2, . . . , nA), and nx = 2nA,
then Eq. (22) can be expressed as follows.
d
dt
Xi = fi(X) + giW(t) i = 1, 2, . . . , nx (25)
in Ito’s form, where X ∈ Rnx ; Xi (i = 1, 2, . . . , nx), are the components of the state vector process X; fi(X) : Rnx → R.
The stationary PDF p(x) of the Markovian vector is governed by the following reduced FPK equation1.
∂
∂x j
[
f j(x)p(x)
]
− 1
2
∂2
∂xi∂x j
[
Gi j p(x)
]
= 0 (26)
where x is the deterministic state vector, x ∈ Rnx , and Gi j = gig jS .
It is assumed that the solution to Eq. (25) fulﬁlls the following conditions:
lim
xi→±∞
fi(x)p(x) = 0 and lim
xi→±∞
∂p(x)
∂xi
= 0 i = 1, 2, · · · , nx (27)
which can be fulﬁlled by the deﬂection and the velocity of the plate presented above.
Deﬁne the vector X1 that contains the deﬂection w(x0, y0, t) and the corresponding velocity w˙(x0, y0, t) at (x0, y0) of
the plate. The joint PDF of X1 or w(x0, y0, t) and w˙(x0, y0, t) is analyzed in the following. Separate the state vector X
into two parts X1 ∈ Rnx1 and X2 ∈ Rnx2 , i.e., X = {X1,X2} ∈ Rnx = Rnx1 × Rnx2 .
Denote the PDF of X1 as p1(x1). In order to obtain p1(x1), integrating both sides of Eq. (26) over Rnx2 gives∫
R
nx2
∂
∂x j
[
f j(x)p(x)
]
dx2 − 12
∫
R
nx2
∂2
∂xi∂x j
[
Gi j p(x)
]
dx2 = 0 (28)
Because of the conditions in Eq. (27), we have∫
R
nx2
∂
∂x j
[
f j(x)p(x)
]
dx2 = 0 x j ∈ Rnx2 (29)
and ∫
R
nx2
∂2
∂xi∂x j
[
Gi j p(x)
]
dx2 = 0 xi or x j ∈ Rnx2 (30)
Eq. (28) can then be expressed as∫
R
nx2
∂
∂x j
[
f j(x)p(x)
]
dx2 − 12
∫
R
nx2
∂2
∂xi∂x j
[
Gi j p(x)
]
dx2 = 0 xi, x j ∈ Rnx1 (31)
which can be equivalently expressed as
∂
∂x j
[∫
R
nx2
f j(x)p(x)dx2
]
− 1
2
∂2
∂xi∂x j
[∫
R
nx2
Gi j p(x)dx2
]
= 0 xi, x j ∈ Rnx1 (32)
Cluster the terms purely in x1 in one part and the other terms in the other part. Then f j(x) is expressed in terms of two
parts as
f j(x) = f Ij (x1) + f
II
j (x) (33)
Substituting Eq. (33) into Eq. (32) and noting
∫
R
nx2
p(x)dx2 = p1(x1) gives
∂
∂x j
[
f Ij (x1)p1(x1) +
∫
R
nx2
f IIj (x)p(x)dx2
]
− 1
2
∂2[Gi j p1(x1)]
∂xi∂x j
= 0 xi, x j ∈ Rnx1 (34)
Set f IIj (x) =
∑
k f IIj (x1, zk) in which zk ∈ Rnzk ⊂ Rnx2 and nzk denotes the number of the state variables in zk. Then
Eq. (34) can be expressed as
∂
∂x j
[
f Ij (x1)p1(x1) +
∑
k
∫
R
nzk
f IIj (x1, zk)pk(x1, zk)dzk
]
− 1
2
∂2[Gi j p1(x1)]
∂xi∂x j
= 0 xi, x j ∈ Rnx1 (35)
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in which pk(x1, zk) denotes the joint PDF of {X1,Zk}. The summation convention not applies for the indexes k in Eq.
(35) and in the following discussions.
From Eq. (35), it is seen that the coupling of X1 and X2 comes from f IIj (x1, zk)pk(x1, zk).
Express pk(x1, zk) as
pk(x1, zk) = p1(x1)qk(zk; x1) (36)
where qk(zk; x1) is the conditional PDF of Zk for given X1 = x1.
Substituting Eq. (36) into Eq. (35) gives
∂
∂x j
{[
f Ij (x1) +
∑
k
∫
R
nzk
f IIj (x1, zk)qk(zk; x1)dzk
]
p1(x1)
}
− 1
2
∂2[Gi j p1(x1)]
∂xi∂x j
= 0 xi, x j ∈ Rnx1 (37)
Approximately replacing the conditional PDF qk(zk; x1) by that obtained with EQL, then Eq. (37) is written as
∂
∂x j
{[
f Ij (x1) +
∑
k
∫
R
nzk
f IIj (x1, zk)qk(zk; x1)dzk
]
p˜1(x1)
}
− 1
2
∂2[Gi j p˜1(x1)]
∂xi∂x j
= 0 xi, x j ∈ Rnx1 (38)
where qk(zk; x1) is the conditional PDF of Zk obtained with EQL for given X1 = x1 and p˜1(x1) is the approximate
PDF of X1. Denote
f˜ j(x1) = f Ij (x1) +
∑
k
∫
R
nzk
f IIj (x1, zk)q(zk; x1)dzk, (39)
Then Eq. (38) can be expressed as
∂
∂x j
[
f˜ j(x1)p˜1(x1)
]
− 1
2
∂2
∂xi∂x j
[
Gi j p˜1(x1)
]
= 0 xi, x j ∈ Rnx1 (40)
which is the approximate FPK equation for the joint PDF of the state variables in the subspace Rnx1 or the deﬂection
and velocity of the plate at (x0, y0).
It is seen that X1 only contains two state variables, i.e., X1 = {w0, w˙0}, the EPC method can be employed to solve
Eq. (40). The whole solution procedure is named SSS-EPC method14,15.
4. Numerical analysis
4.1. Example 1
Consider the simply-supported rectangular von Ka´rma´n plate which edges are stretched in plane. The material
of the plate is reinforced concrete used in building design. The length a and width b of the plate equal 6m and 5m,
respectively. The other parameters are given by E = 2.55 × 1010N/m2, h = 0.1m, ν = 0.316, ρ = 2, 300kg/m3,
ξ = 0.02 for each mode, q0 = 2, 000kg/m2 which is the distributed weight on the plate, qs = 0, and S = 0.5. The
subspace X1 in the SSS procedure contains the deﬂection and the velocity at the center of the plate, i.e., x0 = 0.5a,
y0 = 0.5b, and X1 = {w(x0, y0, t), w˙(x0, y0, t)}. The sample size in MCS is 108. When the number of the shape
functions for deﬂection equals 1 and the number of the shape functions for Airy stress function equals 7 along each
edge of the plate, or nx × ny = 1 × 1 and mx × my = 7 × 7, the resulted equation of motion in term of deﬂection is
a SDOF Duﬃng oscillator excited by Gaussian white noise. The PDFs of the deﬂection at the center of the plate are
obtained with the EPC method and EQL method. It is known that the exact PDF of the response of Duﬃng oscillator
excited by Gaussian white noise is obtainable. Actually, the PDF of the response obtained with the EPC method is the
same as exact solution for the Duﬃng oscillator. They are shown and compared in Fig. 2(a). The tails of the PDFs
obtained with various methods are also compared in Fig. 2(b). In the ﬁgures, σw denotes the standard deviation of the
deﬂection at the center of the plate, obtained with EQL method. It is known that the theory of von Ka´rma´n thin plate
is based on the assumption that the deﬂection of the plate is of the order of plate thickness h. For the given plate and
excitation, the value of σw is about 0.55h and hence 4σw is approximately 2.2 times of the plate thickness, which is
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Fig. 2. The PDFs and logarithm of PDFs of the deﬂection at plate center with 1× 1 shape function for deﬂection and 7× 7 shape functions for Airy
stress function in Example 1: (a) PDFs; (b) Logarithm of PDFs.
near the deﬂection limit of von Ka´rma´n plate. It is observed in Figs. 2(a) and 2(b) that the result obtained with EPC
is the same as exact solution while the result corresponding to EQL deviates a lot from exact solution. Numerical
experience shows that the results obtained with mx × my = 7 × 7 are only slightly diﬀerent from those corresponding
to mx × my = 9 × 9. In other words, increasing the number of shape functions in the Airy stress function can only
inﬂuence the results slightly.
If the number of the shape functions of deﬂection is given by setting nx × ny = 3 × 3 and the number of shape
functions of Airy stress function is given by setting mx × my = 7 × 7, the equations of motion formulate a 9-DOF
system. The PDFs of the deﬂection at the center of the plate are obtained with the SSS-EPC method, MCS, and EQL,
respectively. They are shown and compared in Fig. 3(a). The tails of the PDFs obtained with various methods are also
compared in Fig. 3(b). The Monte Carlo simulation about this 9-DOF system was conducted on the original 9-DOF
system rather than on the SDOF system resulted from the SSS dimensionality reduction procedure.
−4 −3 −2 −1 0 1 2 3 4
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
 w/σ
w
 
P
D
F
 
 
MCS
SSS−EPC (n=4)
EQL
(a)
−4 −3 −2 −1 0 1 2 3 4
−7
−6
−5
−4
−3
−2
−1
0
 w/σ
w
 
lo
g 1
0(P
DF
)
 
 
MCS
SSS−EPC (n=4)
EQL
(b)
Fig. 3. The PDFs and logarithm of PDFs of the deﬂection at plate center with 3 × 3 shape functions for deﬂection and 7 × 7 shape functions for
Airy stress function in Example 1: (a) PDFs; (b) Logarithm of PDFs.
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It is observed in Figs. 3(a) and 3(b) that the result obtained with SSS-EPC is close to MCS while the result
corresponding to EQL deviates a lot from MCS. Numerical experience showed that the results obtained with nx×ny =
4 × 4 and mx × my = 7 × 7 are almost the same as those obtained with nx × ny = 3 × 3 and mx × my = 7 × 7. Further
increasing the values of nx, ny,mx, and my beyond nx × ny = 3 × 3 and mx × my = 7 × 7 can not further increase the
precision of the solution obviously. The polynomial degree used in the EPC solution procedure for solving Eq. (40)
is four.
Further increasing the number of samples in analyzing the 9-DOF system with MCS can make the computational
eﬀort huge due to the great number of nonlinear terms in the system. There are about 1,500 nonlinear terms in the
formulated 9-DOF system. Hence only part of the PDF of deﬂection can be obtained with MCS for this nonlinear
system. It is one of the challenges inherent in MCS. Even so, the computational time spent by the SSS-EPC method is
within 2 minutes which is mainly spent on the linearization procedure due to the large number of nonlinear terms while
the computational time spent by MCS is about 12 hours for this 9-DOF system in the same computer with Inter(R)
CPU B950@2.10GHz, and 3.16GB RAM, and the same running environment. From Fig. 2(b) and Fig. 3(b) it is
observed that the PDF of the deﬂection obtained by modeling the system as a SDOF system is rough in comparison
with the PDF of the deﬂection obtained by modeling the system as a 9-DOF system. The results obtained from the
SDOF system is about 1.21 to 3.25 times of the solution obtained from the 9-DOF system when the deﬂection varies
from ±3σw to ±4σw as shown in Figs. 2(b) and 3(b), where σw is the standard deviation of w0 obtained with EQL
and σw = 0.595h. For either the SDOF system or the 9-DOF system, the result obtained with EQL is far from being
acceptable.
4.2. Example 2
Still consider the same plate in example 1. All the parameter values are the same as those in example 1, but the
inﬂuence of static weight distributed on the plate is taken into account in the analysis. In other words, qs = (q0 +ρh)g,
where g denotes the gravitational acceleration. In this case, the PDFs and logarithmic PDFs when the plate is modeled
as SDOF system are shown in Figs. 4(a) and 4(b), respectively. The PDFs and logarithmic PDFs when the plate is
modeled as 9-DOF system are shown in Figs. 5(a) and 5(b), respectively. From Figs. 4 and 5 it is observed that the
mean of the deﬂection is nonzero and the PDF of deﬂection is unsymmetrical about the mean. Even in this case, it
is seen from Fig. 5(b) that the PDF obtained with SSS-EPC is close to MCS and the PDF obtained with EQL is not
acceptable. With 108 samples by spending 12 hours of computation in MCS, the PDF of the deﬂection still can’t be
simulated well toward the tail end and much more computational eﬀort is needed in order to obtain the PDF value
further toward the tail end. It is estimated that about 1, 200 hours or 50 days are needed to get 1010 samples and make
the PDF of the deﬂection simulated to the very end of the tail at w = 4.4σw, where σw is the standard deviation of w0
obtained with EQL and σw = 0.59h. The results obtained from the SDOF system is about 1.10 to 6.47 times of the
solution obtained from the 9-DOF system when the deﬂection varies from 3σw to 4.4σw as shown in Figs. 4(b) and
5(b). Comparing the Fig. (2b) to Fig. (4b) and the Fig. (3b) to Fig. (5b), it is found that the static load due to weight
can much inﬂuence the PDF of the deﬂection and it needs to be taken into account in formulating and analyzing the
NSD system of plate.
5. Conclusions
The MDOF-NSD system is formulated for the isotropic rectangular von Ka´rma´n plate excited by the uniformly
distributed force being Gaussian white noise and uniformly distributed weight. The solution procedure of the SSS
method is used to make the FPK equation in high dimensional space that governs the PDF solution of von Ka´rma´n
plate reduced to the FPK equations in two dimensional space. Then the EPC method is used to solve the FPK equation
in two dimensional space. From numerical analysis it is observed that the SSS-EPC method works well for obtaining
the PDF of the deﬂection of the plate though there are huge number of nonlinear terms in the formulated 9-DOF
system. It is found that the result obtained by modeling the problem as a SDOF oscillator is not accurate enough
while the results obtained by modeling the problem as a 9-DOF system can be improved by using three deﬂection
mode functions and seven Airy stress shape functions along each edge of the rectangular plate. It is also found that
the MCS can not make the PDF of deﬂection fully simulated because of the strong nonlinearity of the system, large
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Fig. 4. The PDFs and logarithm of PDFs of the deﬂection at plate center with 1× 1 shape function for deﬂection and 7× 7 shape functions for Airy
stress function in Example 2: (a) PDFs; (b) Logarithm of PDFs.
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Fig. 5. The PDFs and logarithm of PDFs of the deﬂection at plate center with 3 × 3 shape functions for deﬂection and 7 × 7 shape functions for
Airy stress function in Example 2: (a) PDFs; (b) Logarithm of PDFs.
number of nonlinear terms, and the limitation of acceptable computational eﬀort. The solution from EQL is far from
being acceptable for this strongly nonlinear random vibration problem of plate. For the given sample size 108, the
computational time needed by MCS is about 360 times of that needed by SSS-EPC method when the plate is modeled
as 9-DOF NSD system.
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